The set of independent vectors (v1,v2, v3) defines a parallelotope B

An invertible linear application A is a function so that when applied to a basis yields another
basis so that the spaces generated by the two basis have the same dimension.

The picture below represents a linear application named rotation.
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The function A can be represented in matrix form; the determinant
of the matrix is a factor determining the change in volume of the
two cubes. Of course the determinant above is one:

Volume(B’) = +- det(A) x Volume(B)

While in general a transformation works in the same way for all the vectors of the space, a
transformations symmetric and positive Z can yield vectors (Eigenvectors) changed only by a
scalar constant (Eigenvalues). As a result, the matrix determines a unique space generated by
the eigenvectors. A simple condition to check for an Eigenvalue consists in verifying that the
volume of the associated solid can be zeroed with the negative of such eigenvalue.

The spectral theorem uses the Eigenvalues to obtain a new invertible transformation in a
space in which the solids are unit-spheres determined by vectors. However, this time the
transformation applied to such vectors yields ellipsoids.

In conclusion, assuming a vector of weights representing the assets, the correlation matrix
contains a specified amount of information with some noise; only correlation matrixes that are
symmetric and definite positive allows to apply the spectral theorem to find its inverse and
obtain an optimum portfolio from the space of all the possible solutions constrained by the
assigned utility function; such a space has the shape of an ellipsoid.



Geometry, differential or otherwise, deals with the metric relationships of rigid objects as they
were made of sheet of rubber. A rubber sphere may be deformed into an ellipsoid, or a long,
narrow cylinder with caps, or indeed any globular object; similarly, a torus can be deformed
into any two-sided surface containing a single handle, or a single hole.

Surface topology is “rubber sheet” geometry, since only those geometrical characteristics of
the surface that are maintained upon stretching or squeezing are relevant. The usual
geometrical notions of area, length, etc., are excluded from topological analysis.

A simple topological characteristic is the genus of a surface which measures its
connectedness. It is equal to the number of holes or handles in the surface. Thus, a sphere has
genus zero. A torus (or a sphere with one handle) has genus one, and so on. The topology is
linked to the integral curvature of a surface by the simple equation:
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Surface

Yielding that no amount of bending or squeezing of a surface can add any net
integral Gaussian curvature to that displayed by the simplest topologically equivalent surface.

Consider a three-dimensional Cartesian space with two points, P1, and P2, linked by the
vector dr = i dx + j dy + k dz. Because i, j, and k are mutually orthogonal we can find a
measure of distance commonly called the Pythagorean theorem.
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This sort of space is defined metric space because it has a notion of distance, and is Euclidean
because the Pythagorean theorem holds. It is also called flat. Moreover such a metric can be
employed in any coordinates systems.

It is instructive to consider curved surfaces embedded in three-dimensional Euclidean space.
Consider the two-dimensional coordinate web on the surface (u1, p2), and the tangent vectors
(e1, e2). The vector between two nearby points on the surface can be written as before using
the basis dr = dx1 e1 + dx2 e2, where dx1 and dx2 represent the lengths along the coordinate
directions (e1, e2) on the surface. An interesting definition follows from the establishment of a
such a metric, it is conventional to call the collection of dot products of the unit vectors, ef,
and e2, the metric tensor, gij = ei - ej.

In this case of curved surfaces embedded in three-dimensional Euclidean space, the distance
between the points can be established in numerous ways. However, this coordinate system
may be orthogonal in the vicinity of one point, but not retain that property as we move away.
Since we are interested in true intrinsic properties of the surface we are facing the problem
solved by Gauss who gave a definition of curvature that produces the same result no matter
what local coordinates are used on the surface; for instance, a sphere has constant positive
curvature. If we have two points on a plane, the curve of shortest distance between them is a
straight line. On the sphere, a curve of shortest distance is a great circle, called a geodesic.
Using these geodesics, we can then form small, local, closed paths and compare their
properties to familiar constructions on the plane.




An equivalent way of defining curvature is to consider a circle on the surface of interest and
make it small, with a geodesic radius of distance a. Now measure the
circumference, C. If a and C are related by a factor of 2m, then the surface is flat. If the
circumference is less than that, the surface has positive curvature. And if the circumference is
greater than that, the surface has negative curvature. The result K= 1/R2 shows that small
spheres have more curvature than large ones (very reasonable).

Gauss and others have provided proofs for us that K is an intrinsic property of the surface and
can be calculated from the components of the metric tensor gij, discussed previously. So gij is
the source of fundamental intrinsic geometric features of the surface. After Gauss, other great
mathematicians, such as Riemann, generalized these concepts of surfaces and geometry to
metric spaces of any dimension and they dealt with intrinsic properties directly. For example,
they discussed surfaces without embedding them in a Euclidean space of higher dimension—
they dealt with curved space on its own terms.

The Gaussian curvature has a number of interesting geometrical interpretations. One of the
more striking is connected with the Gauss map of a surface, which maps the surface onto the
unit sphere. The image of a point P on a surface x under the mapping is a point on the unit
sphere. This point is given by the intersection of the unit normal n to the surface at P with a unit
sphere centred at P. The Gauss map of the surface x is the collection of all such points on the
sphere, generated by sliding the surface through the centre of the (fixed) sphere. If a closed
curve on a surface is traversed in the opposite sense on the sphere under the mapping, the
surface is saddle-shaped, and the Gaussian curvature is negative.

The Gauss map is closely related to the Gaussian curvature of the surface. In fact, the surface
area of the Gauss-mapped region on the unit sphere is equal to the integral curvature of the
region,
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An alternative definition of the Gaussian curvature follows from this result. Imagine shrinking
the region progressively to an infinitesimal area about a point. In the limit the quotient of the
area of the surface element and its spherical image is 1/K. If the Gauss map of a surface

comprises only a single point (e.g. the plane) or a curve (e.g. the cylinder), the Gaussian
curvature is zero at all points on the surface.

The Gaussian curvature, K, is a bending invariant. This means that if we can bend a simply
connected surface x into another simply connected surface y without stretching or tearing,
there exists a continuous transformation from x to y that preserves the Gaussian curvature at
every point. For example, the plane, with Gaussian curvature, K = 0, is easily rolled into a
cylinder for which also K = 0. On the other hand there is no way to form a sphere (K constant,
but strictly positive) from either cylinder or plane without stretching, tearing or gluing. Surfaces
that are related by a curvature-preserving transformation (like the plane and the cylinder) are
called isometric.

Essentially, the Gaussian Map allows us to obtain the solutions laying on the ellipsoid, send
them in a flat space, and represent the efficient frontier while warranting that the amount of
curvature will be preserved (i.e., the proportion between mean and variance across solutions).
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